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Abstract 

t> ; 

i— — i' Holomorphic 2-forms on Kahler surfaces lead to "Local Gromov-Witten invariants" of 

. spin curves. This paper shows how to derive sum formulas for such local GW invariants 

' from the sum formula for GW invariants of certain ruled surfaces. These sum formulas also 

^ . verify the Maulik-Pandharipande formulas that were recently proved by Kiem and Li. 

> ' 

a ■ 

■E: 

Let X be a Kahler surface with a holomorphic 2-form a. The real part of a, also denoted 
r ^ . by a, then induces an almost complex structure on X : 

J a = (Id + JK a y 1 J(Id+ JK a ). (0.1) 

^t- : 

Here J is the Kahler structure on X and K a is the endomorphism of TX defined by the formula 
If) ', (u,K a v) = a(u,v) where ( , } is the Kahler metric on X. The almost complex structure J a 

satisfies a remarkable Image Localization Property : 

• if f is a J a -holomorphic map into X that represents a non-zero (1,1) class then the image 
^ . of f lies in the zero set D of the holomorphic 2-form a 

>< : 

For simplicity, assume X is a (minimal) surface of general type and D is smooth. The normal 
bundle N to D is then a theta characteristic on D, i.e., N is a square root of the canonical 
bundle of D. The pair (D,N) is called a spin curve of genus h where h is the genus of D. The 
total space of N has a tautological holomorphic 2-form a that induces, by the same manner 
as in (0.1), an almost complex structure J a on No satisfying the image localization property, 
namely 

Mg jn (N D ,d[D],J a ) = Mg, n (D,d). 

Consequently, the moduli space of Ja-holomorphic maps is compact, so it represents a (virtual) 
fundamental class that defines local GW invariants of the spin curve (D,N). These local GW 
invariants depend only on the genus h and the parity p = h°(N) (mod 2) and GW invariants of 
Kahler surfaces with p g > are the sum of local GW invariants associated to spin curves [LP1]. 

GW invariants count maps from connected domains, while Gromov-Taubes invariants count 
maps from not necessarily connected domains. These GT invariants can be obtained from GW 
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invariants. Maulik and Pandharipande [MP] gave fascinating conjectural formulas for (descen- 
dent) local GT invariants of spin curve (D, N) for low degrees {d = 1,2): 

n n u i 

GT ioc Ap{ Y[ Tki{F *)) = (-if n j2^fiy { - 2) ~ kl 

GT loch, P{ Jj7fc(F*)) = (_i)P2*+»-i f[ *!* (-2)* 
i=i i=i ^ 1 

(see Section 2 for definition of descendant local GT invariants). Kiem and Li [KL1, KL2, 
KL3] have since proved these formulas using their algebro- geometric version of local invariants. 
Observing the formulas (0.2) for genus zero spin curve directly follow from Proposition 2 of [FP], 
they showed the following reduction theorem : 

• for low degrees (d = 1,2) local GT invariants of higher genus spin curves can be reduced 
to local GT invariants of genus zero spin curve. 

Their proof uses a sum formula (Theorem 4.2 of [KL1]) for degeneration obtained by certain 
blow-up plus explicit calculation of the invariant GT 2 ° C ' ' p (t(F*)). 



The aim of this paper is twofold. First, we give a proof of the sum formula for degeneration 
by blow-up in the context of symplectic geometry — this sum formula is the same as Kiem 
and Li's sum formula except for the constraints of relative invariants (see Theorem A below). 
Second, we also prove new sum formulas for degeneration of spin curves in the case of degree 
d = 2 (see Theorem B below). Then, in the proof of the above reduction theorem (cf. Section 4 
of [KL1]), we can replace the calculation of invariant GT^ c ' h ' p (t) by Theorem B (see Section 9). 

The novelty of our approach is to use GW invariants of ruled surfaces. Unlike the algebro- 
geometric approach, our local GW invariants of (D, N) are, in fact, local contributions to GW 
invariants of the ruled surface P/j = ¥(N ®Od) that count maps whose images are close to the 
zero section D of P^. A small neighborhood U of D in P/j is isomorphic to some neighborhood 
of the zero section in the total space Nd of N. Together with this isomorphism and some bump 
function, the tautological holomorphic 2-form on Np induces an almost complex structure J a 
on P/j satisfying the image localization property, namely 

M g , n (U,dS,J a ) = M g>n (D,d) 

where S is the section class of P^, i.e. S = [D]. The moduli space of J Q -holomorphic maps into U 
thus represents a (virtual) fundamental class that gives the local GW invariants of (D,N). This 
description of local GW invariants is well suited to easily adapt the arguments in [IP1, IP2] to 
a version of sum formulas for local GW invariants. The relative local GW invariants are simply 
the local contributions to the relative GW invariants of P^ that count maps into U relative a 
fixed fiber of P^. In terms of those relative invariants, sum formulas for local invariants directly 
follow from the main argument of [IP2] for some cases. 

Our relative invariants are, however, not given by (virtual) fundamental class of relative 
moduli space that is needed to define descendent classes. To get around this issue, we relate 
descendent invariants to relative invariants with fa classes that are the first Chern classes of the 
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relative cotangent bundles over the space of stable curves (see Proposition 5.1). Then, we use 
those relative invariants to show the sum formula for degeneration by blow-up. 

Let Fo = P 1 x E be a ruled surface over E = P 1 . Then there is a unique section of Fo that 
passes through a given point. This simple observation enable us to apply the main argument of 
[IP2] for the symplectic fiber sum P^ = P/^yFo to obtain a sum formula for degeneration by 
blow-up. For any partition m = (mi, • • • , mi), we set 

£{m) = £, \m\ = m;, ml = |Aut(m)| 

where Aut(m) is the symmetric group permuting equal parts of m. In Section 4, we show: 
Theorem A. Let d ^ and rt\ + ri2 = n. Then 

GT l d oc ' h ' p {f[r ki (F*)) 

i=i 

iii 111 n2 

V '' m ' i=l i=l 

where the sum is over all partitions m of d (see Section 3 for definition and notation of relative 
invariants). 

Let Fx = P(0(1) © Oe) be a ruled surface over E. Unlike the case of Fo, the infinite section 
plus a fiber represents the section class represented by the zero section of Fi. This causes the 
main difficulty to derive general sum formulas of local GW invariants for degeneration of spin 
curves from the symplectic fiber sums 

Ph = F hl # Vl #Fi#y 2 P h2 and P^ = P^ # Fj. 

ViUV 2 

However, when degree d = 2, simple limiting arguments (see Section 6 and Lemma 7.3) allow 
us to apply the same arguments as in the proof of Theorem A. In Section 7 and 8, we show : 

Theorem B. 

(a) If h = hi + hi and p = pi + P2 (mod 2) then we have 

GT ioc,h, P = (_ 1 )pi 2 fc i GT l ™' h2 ' P2 + (-lf^ 2 GT^' hl ' pi - (-l) p 2 h GT l °^°>+ . (0.4) 

(b) If h > 2 or if (h,p) = (1, +) then we have 

GT ioc,h,v = 4 GT ioc,h-i, P _ (_ 1 )P 2 ' l Gr ( i 2 o ) c ' ' + . (0.5) 

Acknowledgments. I am very thankful to Thomas H. Parker for valuable discussions and to 
referees for corrections and useful comments. I also thank Bumsig Kim and Young-Hoon Kiem 
for discussions and Rahul Pandharipande, Davesh Maulik and Aleksey Zinger for their interest 
in this work. 
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1 Moduli Spaces 



This section introduces moduli spaces of curves and maps. For 2g + n > 3, let U g ^ n — > M 9l n 
be the universal curve over the Deligne-Mumford space. Lifting to the moduli space of Prym 
curves ([Lo], [ACV]), one may assume that M g , n is a manifold and every connected n marked 
nodal curve C of (arithmetic) genus g has a stabilization st(C) £ A4 9jn that is isomorphic to a 
fiber of U g>n . After fixing an embedding U g ^ n ^ P , one can obtain a map 

(f) : C -> st(C) -)• Z7 9 , n -)• . 

Let (X, oS) be a compact symplectic manifold with an w-tamed almost complex structure J. A 
C 1 -map / : C — >• A is stable if the energy 

eua) = \J w\ 2 +m 2 (i.i) 

is positive on each (irreducible) component of C. An (irreducible) component of C is called a 
ghost component if the restriction / to that component represents a trivial homology class. Let 
v be a section of the bundle Hom(7rfTP Ar , tt^TX) over P^xl satisfying J 
stable map / is (J, zv)-holomorphic if 

^(df + Jdfj) = (f,<t>)*v 

where j is the complex structure on C. Denote by M g n (X, A) the moduli space of (J,v)- 
holomorphic maps from nodal curves of (arithmetic) genus g with n marked points that represent 
the class A (we often omit (J, u) in notation). We also denote by 

M* x , n (X,A) 

the moduli space of (J, i/)-holomorphic maps / from possibly disconnected domains of Euler 
characteristic % with no degree zero connected components, namely the restriction of / to each 
"connected component" of its domain represents a non-trivial homology class. 

For a finite set A, let \A\ denote the number of elements of A. 

Remark 1.1. A stable map / in the moduli space Ai xn (X, A) might have ghost components. 
Let C = C\ U C2 be the domain of / such that C\ is a connected curve that is a union of 
some ghost components of /. Then, the stability of / implies that 2g(C\) + £ + n\ > 3 where 
t = \C\ n C2I and n\ is the number of marked points on C\. 

The discussion below will be frequently used in subsequent arguments. Let fa be the first 
Chern class of line bundle over A4 s , ra whose fiber over (C, {xj}) is T*.C. For a subset / of 
{1, • • • , n}, let Si denote the Poincare dual of the fundamental class of the boundary stratum of 
M. g ,n that consists of nodal curves C\ U C2 where C\ has genus zero, C2 has genus g and the 
marked points on C\ are precisely those labeled by /. 

Consider the forgetful map 

TTfc : M g<n+ k ->■ M g . n 
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that forgets the last k marked points. For 1 < i < n, we have 

^l<\>i = 4>i ~ ^2 s {i}ui (1-2) 

where the sum is over all / C {n + 1, . . . , n + k} with 7^0 (cf. Lemma 3.1 of [AC]). The 
standard gluing map 

V ■ M guni + i X M g2) n 2 +1 -> -Mgi+g2,ni+n 2 (1-3) 

is obtained by identifying the last marked point of the first component with the first marked 
point on the second component. For our purpose, we extend this gluing map to the cases where 
2<72 + n 2 < 2. Denote by Mg^ the space of one point when 2g + n < 3 and note that 

M g ,n 1+ i x M ,i = M g , ni and M g>ni +i x M ,2 = M g>ni +i- 

Let rj be the forgetful map that forgets the last marked point when 2g\ + n\ > 3 and (52 , ^2) = 
(0,0), and let rj be the identity map when (52^2) = (0,1). The following fact then directly 
follows from (1.2) and Lemma 3.3 of [AC]. 

Lemma 1.2 ([AC]). For 1 < i < n\ and I C {1, • • • , ni} with 2 < 1 1\ < m, we have 
(a) if 2gi + ri\ > 3 and (^2)^2) = (0,0) t/ien 

jf(j)i = (0i - 5{j >ni+ i}) <g> 1 and 7?* 5/ = (5j + 5/u{m+l}) ® 1 

f'&j i/ either (52, ^2) = (0, 1) or 2gj + rij > 2 /or j = 1,2 then 

r]*(pi = <f>i ® 1 and 77*0"/ = (5/ <8> 1. 

Lastly, we denote the space of curves with finitely many connected components, Euler class 
X and n marked points by 

(cf. page 57 of [IP1]). This space is a disjoint union of the products of the spaces A4 gjtnj with 
^2(2 — 2gj) = x and Yl n j = n (including the unstable cases 2gj + rij < 3). One can thus define 
<f>i classes and the boundary classes 5j of M. x ^ m an obvious way. 



2 Local GT Invariants 



In this section, we introduce local Gromov-Taubes invariants of spin curves and set up notation 
for them. We will follow the definitions and notation in [RT2], [LT] and [IP1]. Let tt : N — > D be 
a theta characteristic on a smooth curve D of genus h. The canonical bundle of the total space 
of N is then isomorphic to 7r*iV, so the tautological section of tt*N gives a holomorphic 
2-form a on Nd whose zero set is the zero section D C Np (cf. [LP1]). The projectivization 

F h = F(N®O d ) 

is a ruled surface over D. For small e > fix an isomorphism (denoted by VP) from a neighborhood 
of the zero section of to the 3e-neighborhood of D in iVrj taking the zero section of to 
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D. Choose a bump function (3 that is 1 on the e- neighborhood of D in Nd and vanishes on 
the complement of 2e-neighborhood of D. The pull-back 2-form iff* (/3a) is then a well-defined 
2-form on P^. Fix a fiber V of the ruled surface and for small 5 > choose a bump function 
f3 v that is 1 on the complement of the 2<5-neighborhood of V and vanishes on ^-neighborhood of 
V. The 2-form 

a v = (3 v ^*(p a ) (2.1) 

then induces, by (0.1), an almost complex structure J v on P^. Let U C Pft be the preimage of 
e- neighborhood of D in Njj under the isomorphism iff. We also denote by D the zero section of 
P/j and let S be the section class represented by the zero section D of P/j. 

Lemma 2.1. Let ?7 and J v 6e as above. Then every J v -holomorphic map from a connected 
domain into U that represents the class dS with d ^ is, in fact, holomorphic and its image 
lies entirely in D, i.e. 

M* x>n (U,dS,J v ) = M* Xjn (D,d). 

Proof. This proof is similar to that of Lemma 3.2 in [LP1]. Use the same notation a for the 
real part of the holomorphic 2-form a on Njj. Let / : (C,j) — > U be a J^-holomorphic map 
from a connected curve C with complex structure j that represents the class dS where d ^ 0. 
For each point q € C, let {ei, e2 = be an orthonormal basis of T q C . Then 

\df\ 2 = f\p v **(Pa)\ 2 \df\ 2 = r(/? v **(/3a))( ei ,e 2 ) < /* (tt*a)(ei, e 2 ) (2.2) 

where the two equalities follow from Proposition 1.3 of [L] and the inequality follows from the 
facts (i) fy*(3 = 1 on U and (ii) < fi v < 1. Since a is a real part of holomorphic 2-form, 
integrating over the domain shows / is indeed holomorphic and the image of / lies in the zero 
set of f3 v ^*(/3a) in U. Since / represents the class dS, the image of / must lie in the zero set 
of iff* (/3a) in U which is the zero section D. This completes the proof. □ 

Remark 2.2. Let a be a holomorphic 2-form on U and g be any function on U that satisfies 
< g < 1. Then, the inequality in (2.2) shows that for a = ga every J5 -holomorphic map into 
U representing the class dS (d ^ 0) is holomorphic and has its image lying in the zero set of a. 

Let d 7^ and fix (J, v) that is close to (J v ,0). Lemma 2.1 and the Gromov Compactness 
Theorem imply that the moduli space of (J, z^)-holomorphic maps A4 x n (U, dS) is compact. The 
construction of Li and Tian [LT] then defines the (virtual) fundamental class 

[M* Xin (U,dS)] mr e #* ( M ap x>n (F h , dS) ; Q ) (2.3) 

in the homology of the space Aiap x n (¥h, dS) of stable maps into from nodal curves of Euler 
characteristic x with n marked points that represent the homology class dS. 

Definition 2.3. The local (descendent) GT invariants of the spin curve (D,N) of genus h with 
parity p = h°(N) (mod 2) are : 

n n 

GT ioc AP{ ]Jr ki (F*)) = [M* Xjn (U,dS)] vir n ( Uev*(F*)) (2.4) 

i=l t=l 
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where ipi be the Euler class of the bundle over A4ap xn (¥h,dS) whose fiber over (/, C, {xj}) is 
T*.C, F* is the Poincare dual of the fiber class of P^, evi is the evaluation map at the i-th 
marked point, and the Euler characteristic x satisfies 

J> = d(l-h) - \ x . 

We will often write respectively + and — for p = (mod 2) and for p = 1 (mod 2). 

Remark 2.4. Let /3 f be a path from (3q = fly to fi\ = 1 with < /3i < 1 on P^ and let Jt 
denote the almost complex structure induced from the 2-from /3t$f*(f3a) by (0.1). The proof of 
Lemma 2.1 shows for d ^ and for all t 

M* x>n (U,dS,J t ) = M* Xtn (D,d). 

In particular, this shows Ai x n (U, dS, Jt) is compact for all t. It then follows from the standard 
cobordism argument (cf. Proposition 2.3 of [LT]) that the (virtual) fundamental class (2.3) is 
independent of the choice of Jt- So, when t = 1, the isomorphism \& as above gives 

n n 

[M x , n (U,dS)] mr n ( H^UevUF*)) = [M x , n (N D ,d[D])] mr n ( Rtf u «*(*V) ) 

8=1 8=1 

where 7* G H 2 (D) is Poincare dual of the point class of D. Thus, given x, n and d 7^ the 
invariant (2.4) depends only on the genus h of D and the parity p = h°(N) (mod 2). 

The stabilization and evaluation at marked points defines a map 

e = stxev : Map Xyn (F h ,dS) -> A4 x , n x (P h ,) n . (2.5) 
For the classes 0j on M. Xl m we set 

n n 

GT^(n^Cn) = [M* x , n (U,dS)] mr n{Hst*^Uev*(F*)). 

1=1 8=1 

Now, suppose (J,v) is generic (see page 10 of [RT2]). Then, the image of M* xn (U,dS) under 
the map (2.5) defines a homology class 

[M* Xtn (U,dS)} G H*(M x , n x(F h ) n ;Q) (2.6) 
satisfying e* [M* x>n (U, dS) ] vir = [M* Xtfl (U, dS) ] (cf. Remark 10.2 of [LP2]). So, we have 

n n 

GT l d ocAp (H^(F*)) = [M* x>n (U,dS)) n[J^'®(FT n . 

8=1 8=1 
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Remark 2.5. If the spin curve (D, N) has genus h > 0, then there are no non-constant holo- 
morphic maps from genus zero curves to D and hence, by the Gromov Compactness Theorem 
and Lemma 2.1, for every map / in the moduli space M n (U, dS) every genus zero (irreducible) 
component is ghost component. It thus follows from the stability and the relation between tpi 
class and st*cf)i class (cf. [KM] page 388) that 

n n 

GT ioc,h,P( Yl Tki (F*) ) = GT l d oc > h > p { 11 <ft(F*) ) . (2.7) 

i=l i=l 

We end this section with dimension zero local GT invariants for d = 1 and 2. 
Lemma 2.6. G t[ ocAp = md GT k>c,h,P = (_i)p 2 ^ 1 . 

Proof. The dimension zero local GW invariants GW d ° c ' h,p and the dimension zero local GT 
invariants Qx l , oc,h ' p are related as follows : 



1 + Y^GT l d ocXp t d = exp^GW^f 

d>0 d>0 

(cf. Section 2 of [IP2]). The lemma thus follows from the fact 

Gw ioc,h, P = ( _ 1)P and Gw iocXv = ^_ 1 y 2 h -l] 

(see Section 10 of [LP1]). □ 



3 Relative Local Invariants 



In [IP1], GW invariants were generalized to relative GW invariants relative to codimension 
two symplectic submanifold. Following [IP1], we can define relative local invariants. A (J, v)- 
holomorphic map / is called V -regular with a contact vector s = (si, . . . ,sg) if f^iV) consists 
of the last I ordered marked points £ n +i, . . . ,x n+ £ such that the image of / has the contact 
order at x n+ }~. Denote by 

M%* niS (U,dS) 

the moduli space of F-regular (J, z/)-holomorphic maps / into U with contact vector s where 
the superscript * also means / has no degree zero connected components. For a contact vector 
s = (si, . . . , st), we write 

e i 
deg(s) = ^s fc , £(s)=£, \ s \ = Y[s k 

k=l k=l 

and, noting there are no rim tori since Hi(V) = (cf. Remark 5.3 of [IP1]), we set 

v s = { {(vi,si),...,(ve,si)) | v k e V }. 



s 



The moduli space of ^-regular maps M x %,s(U, dS) also has an associated map 

e s = stxevxh s : M%*(U,dS) -> M x>n+£{s) x (F h ) n x V s (3.1) 

where eu is the evaluation map at the first n marked points and h s is given by 

h a (f,xi,--- ,x n+i ) = ((/(x n+1 ),si),- • • , (f(x n+ i),s t )). (3.2) 

Observe that the (holomorphic) fiber V of is J^-holomorphic since the 2-form a v in (2.1) 
vanishes near V. The pair (J v ,0) is thus ^-compatible in the sense of Definition 3.2 of [IP1]. 
Now, choose a generic F-compatible (J,v) that is sufficiently close to (J v ,0). Lemma 2.1, the 
Gromov Compactness Theorem and the relative GW theory of [IP1] then imply that the image 
of the moduli space A4 x ]n,s(U, dS) under the map (3.1) defines a homology class 

[M^ s (U,dS)] G H*(M x , n+e{s) x (F h ) n xV s ;Q) (3.3) 

Let {f3j} be a basis of H*(V). Then a basis of H*(V S ) is given by elements of the form 

Cj, s = Cp hiS1 <g> • • • ® Cp. vat . 

Lemma 2.1 and the Gromov Compactness Theorem imply that 

[M%l s (U,dS)j n C J>8 = (3.4) 

unless all /3j k are the fundamental class [V] of V. Since H\(V) = 0, we can forget the ordering 
of the contact constraints Cj jS by simply writing 

II^)"* 6 = Cp^-Cfi ilM (3.5) 

3,6 

with the relation C^.^ ■ Cp i>a = C^ iia ■ Cg.^ where m = (m^) is a sequence of nonnegative 
integers determined by (3.5). If all f3j k = f3j for some j then the sequence m can be considered 
as a partition of the integer d. The (unordered) contact constraint (3.5) is then a pair of the 
Poincare dual of j3j and the partition m of d, i.e. m = (m-i, • • • , m^) with mi < m-2 < • • • < mi 
and ^ mj = d. Write m = (l d ) if all m, = 1. In that case, 

\m\ = \(l d )\ = 1 and ml = (l d )l = d\. 

When all [3j k = f3j for some j, we write Cj jS simply as C^i. 

Remark 3.1. Given a partition m = (mi, • • ■ , mi) of d, there are £l/ml ordered sequences s 
with t(s) = m for some permutation r in the symmetric group Sf. 

Definition 3.2. For a partition m of d with m = t(s) for some permutation r in SW S ), we set 

n n 
i=l i=l 

where the Euler characteristic x is given by 

Y,h = d(l-h) -\x+ (£(m)-d). 
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Choose two distinct fibers V\ and V% of P/, and let V = V\ U V2. We can also define an almost 
complex structure J v that equals to the Kahler structure of near V and satisfies Lemma 2.1. 
Thus, we can define relative local invariants 

n 

GT l ^ h J(H^(F*)) (3.6) 

i=l 

relative to V (with contact vectors m l with Vi) for the class dS with Euler characteristic x where 
the Euler characteristic x satisfies 

J2h = d(i-h)-± x + E(V)-4 

Remark 3.3. The only genus zero spin curve is the even spin curve (P 1 ,C(— 1)). In this case, 
S 2 = — 1 and hence for rf^Owe have 

M* x>n {U,dS,J v ) = M* X:n (n,dS,J v ). 

This shows that degree d local invariants of spin curve (P 1 ,C(— 1)) are the same as the GW 
invariants of Po for the class dS. It also shows that relative local invariants are equal to the 
relative GW invariants of (Po, V). 

For simplicity, we set 

M = M* x , n (U,dS) and M v = M^t^dS). 

Noting the homology class (2.6) defines a map H*((Ph) n ) — > if*(7W Xi „), we set 

GT l d ^ h ' p ((F*) n ) = [M] n (F*)® n e H 2q (M x>n ) 
where q = d(l — h) — \x- Similarly, we also set 

2 

GT %: h JJ( F T) = [M v ] n (F*) n (g) c [Vi]l{mi) e H 2r {M x>n+Ttt{mi) ) 

i=i 

where r = d(l — h) — \x + Yl(^{ ml ) ~ 

Remark 3.4. Let B be a geometric representative of the n product of fiber classes F® n of (P/j) n 
in general position with respect to the evaluation map at marked points. Then the images of 
the cut-down moduli spaces A4 P\B and A4 V PI B under the stabilization map respectively define 
classes satisfying 

[st(MnB)] = GT l d °^ p ((F*) n ) and [st(M v CiB)] = GT%> h JJ(F*) n ) ■ 



For the ruled surface Fo = P 1 x P 1 , we use the same notations F and S for the fiber class 
and the section class, respectively. To save notation, we also use the same notation V for the 
union of 2 distinct fibers V\ and V2 of the ruled surface Fo. For partitions m 1 of d, denote by 

n 

8=1 
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the relative GT invariants of (Fo, V) for the class dS with Euler characteristic x satisfying 

J^h = d - \ X + (i(m 2 )-d) 

where the contact constraint with V\ and V2 are respectively C pt ^ m i) and Cry 2 u(m 2 )- It follows 
directly from Lemma 14.6 of [IP2] that 

GT^ d) = 1 and GT^^ = d\ (3.8) 
For the class [ .M^ n (Fo, dS) ] that defines the relative invariants (3.7) of (Fo, V) we also set 

GT ^, m iJ( F T) = [Ml n (¥ ,dS)) n (F*r®C ptHml) ® C [V2]£(m2y 

This is a homology class in H2t(-M Xt n+j2£( mi )^ wnere * = d ~ \x + J2(^i m2 ) ~ d). 

4 B low-Up and Sum Formula 

The aim of this section is to prove Theorem A in the Introduction. We will apply the limiting 
and smoothing arguments of [IP2] to our local invariants. The proof consists of three steps. 

Step 1 : Fix a fiber Vo of and consider a degeneration 

where a : Z — > P/j x C is the blow-up of P/, x C along Vo x {0} and the second map is projection 
onto the second factor. The central fiber Zq is the singular surface P^ Uy Fo and general fibers 
Z\ (A 7^ 0) are isomorphic to P^ that is the symplectic fiber sum P^#y Fo. For A 7^ 0, let D\ 
denote the zero section of Z\, i.e., D\ = a~ 1 (D x {A}). 

Choose a fiber V\ 7^ Vo of P^ C Zq and a fiber V2 7^ Vo of Fo C Zq and set 

V = Vi U Vb U V 2 . 

One can choose a (smooth) family V\ of disjoint union of two fibers of Z\ ~ P^ with Vo = VlU Vi- 
Denote by J{Z) the space of all (J, v) on Z satisfying (i) each Z\ is J-invariant and (ii) the 
restriction of (J, v) to Z\ (A 7^ 0) is V\-compatible and to Zq is ^/-compatible (cf. Lemma 2.3 
of [IP2]). We will use the same notation (J, v) for its restriction to each Z\. 

Fix a small 6 > and define a <5-neck Z(<5) as a (normal) 5-neighborhood of V in Z. The 
energy of a map / (more precisely of (/, 0) as in (1.1)) into Z in the (5-neck is 

= \f\df? + |#| 2 

where the integral is over f~ 1 (Z(5)). By Lemma 1.5 of [IP1] there is a constant cv depending 
only on the restriction of (J, v) to V C Z such that every component of every (J, ^)-holomorphic 
map into V has energy greater that c v . A (J, i/)-holomorphic map / into Z is 5-flat if the energy 
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in the 5-neck E s (f) is at most c v /2. Note that a 5-flat map into Zq has no components mapped 
entirely into V. 

Once and for all, fix x, n ) d 7^ and for each A / we set 

M{Z x ) = M% mm (Z x ,dS). 

Denote the set of <5-nat maps in A4(Z X ) by M 5 (Z X ) and write 

lim M S (Z X ) (4.1) 

A— >0 

for the set of limits of sequences of 5-fiat maps in M*(Z X ) as A ->• 0. Since <5-flatness is a closed 
condition, each map / in the limit set (4.1) is also 5-flat and hence the domain of / has no 
components mapped entirely into V. Consequently, we have 

(a) / splits as f = (fa, fa) where fa and fa are respectively (Vi U Vb)-regular map into and 
(Vo U V2)-regular map into Fo and each fa has contact vector (l d ) with V, for i = 1, 2, 

(b) / _1 (Vo) consists of nodes {p\, ■ ■ ■ ,p{\ of the domain such that each pi has a well-defined 
multiplicity Sj equal to the order of contact of the image of fa (or $2) with Vo at pi 

(see Section 3 of [IP2]). Renumbering the nodes {pi,-- - ,pt} gives ^! ordered sequences s = 
(si,S2, ■ ■ ■ ,si). On the other hand, since for small |A| the 5-flat maps in Ai s (Z\) are C°-close 
to (5-flat maps in the limit set (4.1), to each map / in A4 S (Z\) one can assign ordered sequences 
s. Denote by M. S S (Z\) the set of all such pair (/, s) labeled by an ordered sequence s. Then, 
there are actions of symmetric groups Si such that 

□ ( □ M s s {Z x j) /Si = M\Z X ). (4.2) 

i £(s)=i 

For Ph,Fo C Zq and each ordered sequence s with deg(s) = d, there is an evaluation map 

ev s :U(A<£;£.(1*)^ — > V^xV^ (4.3) 

that records the intersection points with the fiber Vq where the union is over all < k < h, 
n\ + ri2 = n and % = Xi + X2 — 2£(s). Let A s be the diagonal of x and denote by 

/Cf C eu7 1 (A a ) 

the set of 5-flat maps in et>7 1 (A s ). Since each map in ev~ 1 (A s ) can be considered as a pair of 
a map / into Zq = P^ Uy Fo satisfying (a) and (b) with an ordered sequence s, we have 

lim [J Mf (Z A ) C □ /Cf. (4.4) 

Conversely, each map / = (fa, $2) E )C S S can be smoothed to produce maps in SA S S (Z X ) for 
small |A|. Let C\ and C2 be the domains of fa and fa respectively. Identifying the lis) contact 
points with Vq of C\ with the l[s) contact points with Vo of C2 determines a gluing map 

■M xi<ni+£ ( s ) +d x M X2iri2+ n( s -) +d — > M X:n+ 2d 
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where \i = xiPi) for i = 1,2. For each E(s), taking the union over all Xi,X2,n-i and n 2 defines 
a gluing map 

&(s) : |_| - / ^xi,«i+f(s)+<i X - A/ 'x2,n2+<?(s)+d ► -Mx,n+2d 

Theorem 10.1 of [IP2] then gives: 



Theorem 4.1 ([IP2]). For generic {J,v) £ Sf{Z) and for small |A|, £/iere is an \s\-fold covering 
wii/j a commutative diagram (up to homotopy) : 



Us K S s(Zx) 



Us M 5 S (Z X ) 



(4.5) 



.sf 



where the top arrow is an embedding, st\ = st o tt s \ and £ in the bottom arrow is given by the 
gluing maps £^( s ) . The construction of the smoothing map &\ also shows that 



lim $a(/a) = / where n s ,\(f\) = /• 
A-»0 



(4.6) 



Step 2 : Let U be an open neighborhood of the zero section D of P/j and ao = av be a 
2-form as in Section 2 (see the paragraph above Lemma 2.1). Regard the 2-form ao as a 2-form 
on Fh x C in an obvious way and for small e > choose a bump function (3 that is 1 on the 
complement of 2e-neighborhood of V\ in Z and vanishes on e-neighborhood of V\ in Z. The 
2-form f3(p*ao) then defines, again by the formula (0.1), an almost complex structure J v on Z. 
The pair (J v ,0) £ J{Z) and the restriction of J v to Fo is the product complex structure of Fo 
since p*ao vanishes on some neighborhood of Fo in Z. Moreover, by Remark 2.2, we have 

M* X!n+2d (U x ,dS,J v ) = M* x>n+2d (Dx,d) 
M x<n+2d (U n P h , dS, J v ) = M x , n+2d (D, d) (4.7) 

where U\ = p~ l {U x {A}). Fix an open neighborhood W of D in P^ satisfying W C U and for 
each A set 

W\ = p~ 1 (W x {A}) 
The following fact is our key observation for the proof of Theorem A. 

Lemma 4.2. For (J,u) € J{Z) sufficiently close to (J v ,0) and for small |A| > 0, we have 

M* x ,n+2d(Ux,dS) \ M* x>n+2d (W x ,dS) = 0. 

Proof. Suppose not. Then there exists a sequence of (J*,, z^.)-holomorphic maps fk into U\ k with 
Im(/fc) n (U\ k \ W\ k ) 7^ and with no degree zero connected components where Afc converges to 
and ( Jfc, z/fc) converges to (J v , 0) as k — > oo. The Gromov Compactness Theorem then implies 
that after passing to subsequences, converges to a J v -holomorphic map / into Zq such that 
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(i) Im(/) C Uq and (ii) Im(/) n (Uq \ Wo) ^ 0. Since the limit map / also has no degree zero 
connected components, (i) implies / can be split as / = (/i,/2) where f± and fa map into 
and Fq respectively such that 

Im(/!) n V = Im(/ 2 ) n V Q . 

It follows from (4.7) that Im(/i) C D and hence Im(/2)nVo = DC\V$. Then, since the restriction 
of J v on Fo is the product complex structure, Im(/2) lies in the section of Fo passing through 
the intersection point D n Vq. We have Im(/) C Wo which contradicts (ii). □ 

Fix (J,v) G J{Z) sufficiently close to (J v ,0) and for small |A| set 

M 5 /(U X ) = {{f,8)EMi(Z x )\f€M^ iia)t(ld) {U x ,dS)}. 

Consider the restriction of the evaluation map (4.3) : 

<m : U(a*£;£;^^^ v eis) xv e{s) 

where the union is over all n\ + n 2 = n and x = Xi + X2 — 2£(s). 

Remark 4.3. Let q be the intersection point of D and V in Zq = Uy Fo- Then there is a 
unique section E q of Fo that lies in Fo D Uq and intersects with Vo at the point q. Choose £(s) 
points {qj} in Vo H (Fo H Uo) that are sufficiently close to q. Denote by 

the cut-down moduli space of (Vo U V2)-regular ( J, z/)-holomorphic maps / with £(s) contact 
points {x n+ j} (with Vo) satisfying f(x n+ j) = qj. Since every holomorphic map representing 
the class dS and passing through the point q has its image in E q , by the Gromov Compactness 
Theorem, we have 

M^;; (ld) (F n Uo, dS) n {q 3 } = X^^; (ld) (F , dS) n { qj }. (4.8) 

This shows that local invariants of Fo counting maps into Uo with point constraints equal to the 
standard invariants of Fq with points constraints. 

Let lC S s '* Uo = JC 5 8 n (evl Uo )- l (A s ). Lemma 4.2 and (4.4) imply 

lim □ M'S(U X ) C [J 

(4-9) 

lim □ (M S S (Z X )\M 5 >*(U X )) n U /C ^o = - 

s s 

Consequently, by (4.5), (4.6) and (4.9), for the restriction <£^ oc of the smoothing map $a to 
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we have a commutative diagram (up to homotopy): 



UsK% (Ux) — - U.M?(U X ) (4.10) 

stx st 
Us M xijni+ £( s ) +d X M X2 ^ 2+ z( s ) +d ^ M x , n +2d 

Step 3 : The commutative diagram (4.10) leads to a sum formula for local invariants for the 
sum (F h , V1UV2) of (F h , Vi U Vo) and (F , V U V 2 ) along V . We first assume that all maps in 

are 5-flat when |A| is small. For fixed n\ + n 2 = n, one can choose a continuous family of 
geometric representatives B\ disjoint with V\ satisfying : 

• each B\ (A ^ 0) is a geometric representative of the n product of fiber classes F® n = 
F ® ■ ■ ■ ® F of (Z x ) n ^ {F h ) n , 

• Bq = Bp h U Bf where Bp h and Bf are geometric representatives of the classes F® ni of 
(F h ) ni and F® n2 of (F ) n2 respectively. 

It now follows from the diagram (4.10) that 

= E &(•))* [^(« f /o)~ 1 (A s ) n So)] G H*(M x>n+2d ) (4.12) 

where the sum is over all £(s) = d. Here, the factor |s| is the degree of the covering map tt s ,\, 
the factor £(s)\ reflects the fact that each map in the space MT{U X ) in the dia gram (4.10) is 
a labeled map as in (4.2) and the classes [st( ■ )] are defined by the images of cut-down moduli 
spaces under stabilization map as in Remark 3.4. 

In general, if there are maps in the space (4.11) that are not <5-flat then there is a correction 
term in (4.12) given by three S'-matrices in Fo (cf. Definition 11.3 of [IP2]) for Vi, Vo and V 2 - In 
our case, since the constraint (F*) n is supported off the neck, Lemma 14.6 of [IP2] and Theorem 
12.3 of [IP2] imply that the correction term is trivial. Consequently, by the splitting of the 
diagonal A s , together with (3.4), (4.8) and Remark 3.1, it follows from (4.12) that 

n n 

GTffi* d) (l[$(F*)) = GT^ d) J(FT) n fl 

i=l i=l 
I I n 

= E ^ GT P)lxM F ^ ni ) ® GT IW 2 (( r )" 2 ) n (6m)* (II*) ( 4 - 13 ) 

where the sum is over all partitions m of d and xi + X2 — 2£(m) = x (cf- Theorem 12.3 of [IP2]). 

Proof of Theorem A : Let / = (fi, f 2 ) be a map that contributes to the right hand-side of 
(4.13). Then we have 
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• every connected component of the domain of (Vo U Vi)-regular map fi has at least two 
contact (marked) points with Vo U V., 

• every connected component of the domain of /2 has exactly one contact marked point with 
Vb; the contact constraint with Vo is C pt t(m) (see (3.7)) and the image of each connected 
component can't pass through more than two distinct points on Vo- 

Noting the gluing map %£r m ) is the map obtained by successively applying gluing maps as in 
(1.3) to connected components, by Lemma 1.2 (b) we have 

n ri\ ri2 

en tfo = IK" ® 1U— ( 4 - 14 ) 

i=l i=l i=l 

The sum formula (4.13) together with (4.14) gives 

i=l m i=l i=l 

Now, Theorem A follows from (4.15) and Proposition 5.1 in the next section. □ 



5 Descendent Invariants vs. Relative Invariants 

The aim of this section is to show : 

n 1 n 

Proposition 5.1. GT^( = GT ^]%)( IK^*))" 

By the relation of GT and GW invariants (cf. Section 2 of [IP2]), it suffices to prove Propo- 
sition 5.1 for local GW invariants that count maps with connected domains. Let GWf c ' ' p ( • ) 
and GW lo ? ,h,P ( ■ ) denote absolute and relative local GW invariants and let 

VT = 7T 2 d ■ Mg :n +2d -> Mg, n (5.1) 

be the forgetful map that forgets the last 2d marked points. 
Lemma 5.2. If ^ h L = or n > 3, then we have 

n n 

Gw iocAP { jj ft {n) = GWp** d) ( II ttV? (F*) ) . (5.2) 
i=i i=i 

Proof. Consider the symplectic fiber sum P^ = Fo#ViP/i#v 2 IFo where V\ and V2 are two distinct 
fibers of P^. This sum can be obtained by blowing up P^ x C along {V\ U V2) x {0}. The same 
arguments of Section 4 thus give a sum formula that is analogous to (4.13) : 

n 

GT i d ° cAp ( h^( f *)) 

i=l 

I 111 2| n 

= E ^llSr ^Ix: 8 Gr i°W,xo ( (*T ) ® OT X n (6(^)Am»)r ( II ( 5 - 3 ) 



i=l 
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where the sum is over all \i + Xo + X2 — 2£(m 1 ) — 2£(m 2 ) = 2d(l — h) — 2 ^ ki and ^( m i)^( m 2 ) 
is the gluing map obtained by identifying contact points of domains (see above Theorem 4.1). 
If 2~2 hi = then for k = 1, 2, by dimension count, we have 

= 2d - \ X k + (t(m k ) - d) - l(m k ) =d- \ Xk - (5.4) 

This shows \k = 2d and hence m k = (l d ). Thus, (5.2) for n = follows from (3.8) and (5.3). 

Assume n > 3 and let / = (/i, /o, /2) be a map that contributes to the right hand side of 
(5.3). In order to obtain a sum formula for local GW invariants, we assume that the domain of 
/ is connected. We have 

• since all marked points of / map into the middle P^ side, the domain of (k = 1,2) 
mapped into Fo has no marked points except contact points, 

• as in the proof of Theorem A, every connected components of the domain of fk has one 
contact point with Vf.. 

It follows that the domain of /o is connected and the gluing map £ = C£(m 1 ),£(m 2 ) can b e obtained 
by composing gluing maps as in (1.3) with ni = : 

V ■ M 9l , ni +l x M 92) i M gi+92i n 1+ i 

where rt\ > n > 3. By Lemma 1.2 (a) for 52 = and by Lemma 1.2 (b) for g<i > 1 ; one 
can see that the pull-back class £*(j>i restricts to the trivial class on two Fo sides and hence 
/fc is constrained by only £(m k ) point contact constraints. The dimension count (5.4) then 
shows Xk = 2d and m k = (l d ), and hence £ is a composition of gluing maps r/ as above with 
(92,1^2) = (0,0). Consequently, again by Lemma 1.2 (a), we have 

r& = 1 ® ( & - 6 {i}ui ) ® 1 ( 5 - 5 ) 

where the sum is over all / C {n + 1, ■ ■ ■ , n + 2d} with 7^0. On the other hand, (1.2) shows 

TT*4>i = 4>i - ^<%u/- (5-6) 
Now, (5.2) for n > 3 follows from (3.8), (5.3), (5.5) and (5.6). □ 



Remark 5.3. The same argument of the proof of Lemma 5.2 applies to various sum formulas 
for the fiber sum of and Fo- In particular, for dimension zero local invariants (i.e. ^ ki = 0), 
one can use (3.8) and the dimension count (5.4) to show 

(-irplocjltf) 1 ^rpl0C,h,p _ ^rploC,h,p j f^rploC,h,p _ ^ ^rploC,h,p 

U1 d - ~ (d!)2 (i d ),(i d ) m ~ d\ m >( ld ) 



Lemma 5.4. If^2ki = or n > 3, then we have 

n n 

GW ^ h , P{ Hr ki{F *)) = j^GWp^A U^(n)- (5-7) 



1=1 V ' 8=1 
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Proof. If ^ hi = then (5.7) follows from Lemma 5.2. Assume n > 3 and /i > (we will give 
a proof for the case when h = in the appendix). Let V = V± U V2 be a union of two distinct 
fibers of P/j and denote by 

M V = Ml ntild)t{ld) (U,dS) 

the local relative GW moduli space. Let B be a product of n generic fibers of P^ each of which is 
disjoint with V and let / be a limit map of a sequence in the cut-down moduli space CM V n B 
where CM V is the closure of A4 V in M. gn +2d(U, dS). Then, Remark 2.5 shows that every genus 
zero irreducible component of / maps entirely into either B or V. This implies that for 1 < i < n 
and for any / C {n + 1, • • ■ ,n + 2cZ} with I 7^ we have 

[A4 V ] n * {i}U i®(F*) n = 0. (5.8) 

Therefore, (5.7) for h > follows from (2.7), Lemma 5.2, (5.6) and and (5.8). □ 

Proof of Proposition 5.1 : We will show that (5.7) holds for all n. By (4.15), we have 

n -. n 

GW ^)%) ( II ^ (F1F*F* ) = j } GW l °^* d) ( J] ^ (F*))- GT^ uld) ( F*F* ) 

i=l ' i=l 

n 

= d 2 GW^ d) {l[^(F*)) (5.9) 

i=i 

where the second equality follows from Divisor Axiom and (3.8). On the other hand, one can 
see that the generalized Divisor Axiom (cf. Lemma 1.4 of [KM]) for descendant GW invariants 
also holds for descendant local invariants. Thus, we have 

Gw loe,h,p^ Tki {F*)) = ^GW l d ocAp {l[T ki (F*)F*F*) 

i=l i=l 
^ n ^ n 

= W G <f(Wn^'( f, ) fT ) = 7^GW^ d) (U^Fl). 

where the second equality follows from Lemma 5.4 and the last from (5.9). This completes the 
proof of Proposition 10.1. □ 



6 Local Contributions to GT invariants of Ruled Surfaces 

Let 7r : Fi = P(0^(1) © Oe) ->£bea ruled surface over E = P 1 . This section describes local 
contributions to GW invariants of Fx that is needed for the proof of Theorem B. We also denote 
by E the zero section of Fi and by S the section class represented by the zero section E. 

Remark 6.1. Let / : C — > ¥\ be a holomorphic map from a smooth domain C that represents 
the class dS. Then / defines a holomorphic section £ of the line bundle (it o /)*Ob(1) over C. 
The zero set Z(£) of £ is the preimage f~ 1 (E) of the zero section E, so if the image of / does 
not lie in E (i.e. £ 7^ 0) then 

\f-HE)\ = \Z(0\ < #Z(0 = deg((7ro/)*0 s (l)) = d 

where fjtZ(£) is the number of zeros of £ counted with multiplicities. 
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Choose distinct fibers V±, Vq and V 2 of Fi and set 

V = Vx U V U V 2 . 

Remark 6.2. Let / : P 1 — > be a holomorphic map that represents the class 2S. If / has a 
contact vector (2) with Vi at pi € P 1 then for the composition map 

P 1 -A Fi -A £ = P 1 

the point pj is a ramification point of multiplicity two. Thus f~ l iV) consists of at least four 
points. For otherwise, ir o f is a holomorphic map of degree 2 with three ramification points, 
which is impossible by the Riemann-Hurwitz formula. 

Remark 6.1 and Remark 6.2 immediately give: 

Lemma 6.3. Let f be a holomorphic map into Fi from a smooth domain of genus g representing 
the class dS and satisfying 

Im(/) n (Vi U V 2 ) = (Vi u v 2 ) n E. 

If either (i) d = 1 or (ii) d = 2, g = and the contact vector of f with Vo is (2) then the image 
of f lies in E. 

Fix a neighborhood U of the zero section E whose closure is disjoint from the infinity section 
of Fi. For V-compatible (J, v) and ordered sequences s 1 and s 2 with deg(s 1 ) = deg(s 2 ) = 2, 
choose ^(s 1 ) points {pi} in V\ and £(s 2 ) points {qj} in V 2 and let 

M ™(W {U > 2S ' J ' V) {Pi ' gj } C ^WV 2 25 ' J ' v ) (6 - X) 

denote the cut-down moduli space of ^-regular maps / into U with (connected) domain of genus 
zero and with n contact points {xj} satisfying: /(xq) S Vo, f(xi) = Pi and f(x^ s i) + j) = qj 
where n = ^(s 1 ) +£(s 2 ) + 1. This cut-down moduli space has (formal) dimension zero. Consider 
a sequence of maps (/&, {x^}) in the cut-down moduli spaces 

K$°m,A u > 2S ' Jfc ' Vk) n {p t> & (6 - 2) 

where the points {p^} U {g^} C (Vi U V 2 ) converge to points in (Vi U V 2 ) n E and V-compatible 
(Jkj^k) converges to the complex structure of ¥\ as k — > 00. By the Gromov Compactness 
Theorem, after passing to subsequences, the sequence of maps (/&, C^; {x^}) then converges to 
a holomorphic map 

(f,C;{xi}) £M ,n(U,2S). (6.3) 

Since Im(/) C U, every component of C mapped entirely into V is a ghost component. The 
following lemma shows that the image of / lies in the zero section E. Let s° = (2). 

Lemma 6.4. Let (/, C;{x,}) be as above and let C{ denote an irreducible component C that 
contains a marked point Xi mapped into Vi. If s l = (2) for some < i < 2 then we have 

(a) if f is Vi-regular then the restriction f to C{ represents the class 2S, 



19 



(b) if f is not Vi-regular then Ci is a ghost component with Xj £ Ci for j ^ iq and C\Ci has 
two connected components C^ such that the restriction of f to Cf represents the class S. 

In particular, the image of f lies in the zero section E of¥±. 

Proof. First note that, since Im(fk) —> Im(/) and Im(/) C U, we have 

(i) Im(/) n (Vi U V 2 ) = (Vi u v 2 ) n E, 

(ii) the restriction of / to each component of C represents the class kS where < k < 2. 

If a marked point X{ is a limit point of the contact points x\ of fk with Vi, i.e. fk(x^) G Vi, then 
Xi is a contact point of / with the same contact order as x\ unless a component containing Xi 
maps into V. Thus, if / is V^-regular then / has a contact vector (2) with Vi at Xi and hence 
by (ii) the restriction of / to Cj represents the class 2S. This proves (a). 

On the other hand, if / is not V^-regular then Ci is a ghost component mapped into Vi. 
Moreover, by the assumption s l = (2) only one marked point Xi maps into Vi, so xj £ Ci for 
j ^ if). Note that, since C is a connected curve of (arithmetic) genus zero, each irreducible 
component of C is smooth of genus zero. Thus Remark 1.1 implies that C \Ci has at least two 
connected components. Let Cf be a connected component of C \ Ci. Then, 

\cfnc\cf\ = |cfna| = l 

where the second equality follows from the fact C is a connected curve of genus zero. So, if Cf 
maps to a point then f(Cf) G Vi and, by Remark 1.1, Cf has at least two marked points xj with 
f(xj) G Vi. This is impossible since f(xj) G Vj for some Vj disjoint with Vi. Thus there are two 
connected components of C \ Ci such that the restriction of / to both components represent the 
class S. This completes the proof (b). 

Now (a), (b), (i), (ii) and Lemma 6.3 imply that the image of / lies in the zero section E 
since s° = (2). □ 

Remark 6.5. Let / be a limit map as in Lemma 6.4 and suppose that Cq and C\ are irreducible 
components of the domain C of / which contain marked points xq and x\ mapped into Vo and 
V\. Suppose s 1 = (2). Then, since s° = (2), Lemma 6.4 implies that / is Vo-regular if and only 
if / is Vi -regular. Suppose / is not (Vo U Vi)-regular. Then, by Lemma 6.4(b), both Co and 
C\ are ghost components with Co fl C\ = 0. Since the domain C is a connected curve of genus 
zero, the same argument for the proof of Lemma 6.4 (b) shows that C \ (Co U C\) has at least 
three connected components such that the restriction of / to each represents the class 
S. This is impossible, so (i) / must be (VbUVi)-regular (ii) Co = C\ and (iii) the restriction of / 
to the component Co = C\ represents the class 2S. In particular, if s 1 = s 2 = (2) then f~ l (V) 
consists of three contact points. This contradicts Remark 6.2. Therefore, if s 1 = s 2 = (2) then 
for all large k the cut-down moduli space (6.2) must be empty. 

For "V-compatible (J,v) and for points {pi} in V\ and {qj} in V 2 denote by 

the cut-down moduli space of V-regular ( J, i^)-holomorphic maps into Fi with the point con- 
straints {pi, qj}. Then we have a splitting of contributions to relative GW invariant 

^^^),J C p^'^ Cf ' C ^ = [M] = [M{U)] + IM\M{U)] (6.4) 
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where A4(U) is the cut-down moduli space (6.1) and A4 \M(U) consists of maps / in Ai whose 
image dose not lie in U C Fi. Here, [■] denotes the zero-dimensional homology class defined by 
cut-down moduli space as in Remark 3.4. In general, this splitting is not well-defined, namely 
it depends on the choice of (J, v) and the point constraints {pi,qj}- However, by the Gromov 
Compactness theorem and Lemma 6.4, the splitting (6.4) is well-defined whenever (i) (J, u) is 
close to the complex structure of Fi and (ii) points {pi, qj} are also close to points in (V1UV2) Hi?. 
In such cases, the contribution 

is independent of the choice of (J,v) and {pi,qj}- Furthermore, this local contribution is inde- 
pendent of the choice of the neighborhood U of the zero section E in Fi. 

Lemma 6.6. For any neighborhood U of the zero section E in Fi whose closure is disjoint from 
the infinity section of¥i, we have 

(a) [^o^!(2) 2 ,(2) 2S;C pt , Cf, C p t) ] = (b) [Mq^^^ (U,2S;C pt , Cf, C pt i) ] = 1 

Proof, (a) follows from Remark 6.5. Let s 1 = (2), s 2 = (1,1) and (/, C;{xj}) be a limit map 
as in (6.3). Again by Remark 6.5, / is (V\ U Vo)-regular map into E c¥± and the restriction of 
/ to the component Co = C\ containing xq and x\ represents the class 25. Stability of / then 
implies either C = Cq or C = Cq U C% where C2 is a ghost component containing the marked 
points X2 and X3. Suppose C = Co U Ci- In this case, C has one node since the (arithmetic) 
genus of C is zero. The restriction /o = f\Q has a contact order two with V2 at the node of 
C, so / ~ 1 (^) consists of three contact points. This contradicts Remark 6.2. Therefore, / is a 
holomorphic map from C = P 1 into E = P 1 of de gree two with two ramification points xq and 
x\ and f[xi) EV^HE for i = 2, 3. Observe that there is a unique such map /. 
Let J denote the complex structure on Fi and set 

mV = M SS(i,i) 2S > J ) and h = h m x ^(1,1) : mV y i x ( y 2 x v 2 ) 

where hr 2 ) and /i(i 5 i) are evaluation maps as in (3.2). Let Df be the (full) linearization of 
holomorphic map equation at /. Since the normal bundle of Im(/) = E is 0#(1), we have 

• cokev D f = H l (f*0 E (l)) = H l (0 ¥ i(2)) = and hence 

• M v is smooth near / with T f M v = H (f*O E (l)) = H (O P i (2)), 

• dh f (0 = (Z(x 1 ),Z(x2U(x 3 )). 

In fact, regarding the neighborhood U of E in Fi as a disk subbundle of Ge(1), one can identify 
holomorphic sections £ of f*U C /*C ) £'(1) with V^-regular holomorphic maps f^ in M v ■ - in 
local trivialization, fe(x) = (/(x),£(x)). By Remark 6.1 the differential dhf is one-to-one. Thus 
dhf is onto since h°(Opi(2)) = 3. We can now conclude that the contribution of (/, P , {xi}) to 
the invariant (6.5) is +1 since / has no nontrivial automorphisms and dhf is onto and complex 
linear. This completes the proof of (b). □ 

We will compute the local contribution (6.5) for the case s 1 = s 2 = (1, 1) in the next section 
(see (7.10)). 
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7 Spin Curve Degeneration and Sum Formula I 



This section proves Theorem B (a) in three steps. First we review the dualizing sheaf. The 
dualizing sheaf u>x of a variety X (if exists) is the unique invertible sheaf making Serre duality 
valid; when X is smooth ojx is the canonical bundle Kx- For a proper holomorphic map 
/ : X — )• B between two smooth varieties, the relative dualizing sheaf ojt is the locally free rank 
one sheaf uix ® (f*^B)~ 1 whose restriction to each fiber is the dualizing sheaf of X^ (cf. [T] 
and [HM]). 

Step 1 : Let D\ U q D2 be a union of two smooth curves D\ and D2 of genera h\ and I12, meeting 
at one point q. Blowing up the point q yields a nodal curve Dq with an exceptional component 
E = P 1 that meets D = D\ U D2 at two points. A theta characteristic of the nodal curve Dq is 
a line bundle Nq together with a homomorphism (j) : Nq — > ud satisfying : 

• Nq restricts to 0(1) on the exceptional component E, 

• (p vanishes identically on E and restricts to an isomorphism Nq \jj ~ u^, 

where ojd and Up are the dualizing sheaves of -Do and D respectively. Since ojfj is the canonical 
bundle of D, the line bundle Nq restricts to theta characteristic N\ on D\ and restricts to theta 
characteristic N2 on Z?2- The triple (-Do, Nq, 4>) is a spin curve of genus h = h\ + /12 with parity 
p = pi + P2 (mod 2) where pi is a parity of the spin curve (Di,N). It then follows from a 
universal deformation of the spin curve (Dq, Nq,4>) (cf. pg 570 [C]) that there are 

• a family of curves p : T> — > A where A is a unit disk in C, the fiber D\ over A 7^ is a 
smooth curve of genus h and the central fiber is the nodal curve Dq, 

• a line bundle it : M — > T> together with a homomorphism $ : A" 2 —> u p such that each 
(£>| p -i( A ), A/jp-i(^), ^*|p-i (a) ) is a spin curve of genus h with parity p, 

where oj p is the relative dualizing sheaf of p (for more details see [C] ) . 

Let Md x (A 7^ 0) be the total space of N\d x and Mq be the total space of A"m. Since both 
total spaces A/£> A and A^j are smooth, there are short exact sequences 

-> vtW| Da -> TAA Da -»■ tt*TD\ ^ and -»■ tt'^s -> TA^ ->■ ^*TD> -> 0. 
It then follows from these exact sequences that 

K Ndx = 7rWf DA ® 7t*A- Da and K M£> = ir*M* D ® 7r*if fl . (7.1) 
On the other hand, the homomorphism $ : A" 2 — > 0J p induces a homomorphism 

$' : ^*A" = ^*(A"* A" 2 ) — ► 7r*(A"* ® w p ). 

Let cr be the tautological section of 7r*A\ Since the relative dualizing sheaf u p restricts to 
dualizing sheaf wd a on D\, by (7.1) the composition <E>'o<7 is a section of it* (J\f* §£1 u p ) satisfying : 

• <J>' o a restricts to a holomorphic 2-form a\ on Nd x 7^ 0) whose zero set is D\, 
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• o o restricts to a holomorphic 2- form ao on Mq whose zero set is D. 

Let Me denote the total space of M\e- For sufficiently small e > 0, choose a bump function 
j3 that is 1 on the complement of the 2e-neighborhood of Me in Mt> and vanishes on the e- 
neighborhood U t of Me- For each point x 6 A/x> \ £-4 we set (3a x (v x , • ) = for normal vectors 
v x to submanifold Ad a (or Mfj for A = 0) at x and define a = j3a x at x. Extension a by zero 
then gives a 2-form on A© that restricts to (3a x on Md x 7^ 0) and to /3ao on A/5. 

Step 2 : Consider the projectivization ¥{M © Op) over P that gives a degeneration 

A : Z = ¥{M@O v ) —)■£>—)• A 

whose fiber Z>, (A 7^ 0) is a ruled surface over D x isomorphic to = ¥(N © 0£>) where (D, N) 
is a (smooth) spin curve of genus h = h± + h% with parity p = P1+P2 (mod 2) and whose central 
fiber Zq is the singular (ruled) surface 

¥ hl U Vl ¥1 U V2 ¥ h2 D 

where V\ and V2 are fibers over the nodes of Dq. Note that the general fiber Z\ (A ^ 0) is the 
symplectic fiber sum 

¥ h = P^# Fl #Fi#v 2 P ft2 . 

Let be an (open) neighborhood of the zero section of Z = ¥(M © Ox>) and fix an isomor- 
phism ^ from U to some neighborhood of T> C A/x> taking the zero section of Z to T>. Choose 
a point qo in the exceptional component E C -Do that is not a nodal point and let B C be a 
normal disk to C P at go, namely the intersection 5 n D\ is one point for all small |A|. Let 
V\ be the fiber of Z\ — > D\ over the intersection point B n .Da an d set 

V = Vi U V u y 2 

where Vo = Vo- Denote by J{Z) the space of all (J, z/) on Z satisfying : (i) each Z\ is J-invariant 
and (ii) the restriction of (J, v) to Zo and Z\ (A 7^ 0) are ^-compatible and Vx-compatible 
respectively. We will use the same notation (J,v) for its restriction to each Z\. Denote by the 
same S the section classes of P^, Fi, P/j 2 and Z\ represented by the zero sections. Let Di 
{i = 1,2) and D x denote the zero sections of ¥i H and Z\ respectively. For each small |A| we set 

u x = u n z x . 

By using the 2-form a on Md together with the isomorphism we obtain : 
Lemma 7.1. There is an almost complex structure J v on Z satisfying : 

(a) (J v -,0) € i7(Z) and J v restricts to the complex structure of¥\, 

(b) M* xn (U x ,dS,J v ) = M* x , n (D x ,d) and M* x ^(Uq (l¥ hi ,dS, J v ) = M* x>n {D h d), 

(c) for generic (J,v) E J(Z) sufficiently close to (J v ,0) and for small |A| > 

[Ml^(U x ,2S)] = GT$ h ' p and [M%%(F hi nU ,2S)] = GT l s ° c > h ^ 
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where \ = 2 - 4/i, Xi = 2€(sj) - 4/i; /or z = 1,2. 



Proof. By the isomorphism \& as above, one can regard a\ (A ^ 0) and Qo as holomorphic 2- 
forms on U\ and on [To D (P/^ UPfr 2 ) whose zero sets are Da and D1UD2, respectively. Similarly, 
one can also regard /3 as a bump function on [/ and a as a 2-form on U satisfying (i) a vanishes 
on some neighborhoods of V and V\ for small |A|, and (ii) the restriction of a to U\ and 
Uq PI (P/u U P^ 2 ) are respectively f}ot\ and /3ao- Now, let J v be the almost complex structure 
on Z induced by a and the formula (0.1). Then, (a) follows from (i), (b) follows from (ii) and 
Remark 2.2 and (c) follows from definition and compactness by (b). □ 

Remark 7.2. Let / be a map in A4^, 2 JU\,2S) with f~ l {V\) = {x} where the Euler charac- 
teristic x = 2 — 4/i. If there is a connected component of the domain of / that does not contain 
the contact point x then the restriction of / to that component represents the trivial homology 
class. The stability of / thus shows C is connected since there is no marked points except the 
contact point x. Consequently, for A 7^ we have 

M%{Ux,2S) = M%{Ux,2S) = M% } (U X ,2S) (7.2) 

where the genus g = 2h. Similar arguments also show that 

M VuVo,V2* ( F 25) = M Vl,Vo '% (Fi,25) (7.3) 

where the Euler characteristic xo = 2 and the genus go = 0. 

Step 3 : Choose an (open) neighborhood W of the zero section of Z = ¥(Af @Ox>) with W C U 
and for each small |A| set 

W x = w n Z x . 

The following is the key fact to the proof of Theorem B (a). 

Lemma 7.3. For (J,v) € J~(Z) sufficiently close to (J v ,0) and for small |A| > 0, we have 

M% m (U x ,2S) \ M%(W X ,2S) = 
where the Euler characteristic x = 2 — Ah. 

Proof. Suppose not. Then, there exists a sequence of ( Jk, ffc)-holomorphic maps fk into U Xk 
with Im(/fc) n (U\ k \ Wx k ) 7^ where A^ -4 and (Jfc,ffc) converges to (J v ,0) as k — > 00. 
After passing to subsequences, by the Gromov Compactness Theorem, /& converges to a J v - 
holomorphic map / into Zq such that (i) Im(/) C Uq and (ii) Im(/) D {Uq \ Wq) 7^ 0. By (i) 
and Lemma 7.1, / can be split as / = {fx, fo, $2) where fx and fi are respectively holomorphic 
maps into Dx and D2, and /o is a holomorphic map into such that 

Im(/ ) n (Fi U V2) = ( Im(/i) U Im(/ 2 ) ) n {V x U F 2 ) = E n (Vi U F 2 ). (74) 

Note that the domain C of / is a connected curve of genus 2h since by (7.2) / is a limit of maps 
with connected domains of genus 2h. Also note that if / is not {Vx U V2)-regular, there is a ghost 
component mapped into V\ U V2. 
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Let fi2 = (/i,/2)) C12 be the domain of /12 and Co be the domain of /o- We can assume 
that Co contains all ghost components mapped into V\ U V2. Then /12 is (14 U V2)-regular, so 
f£(V x U F 2 ) = (Ci 2 n C ). Let £ = l/f^i U V 2 )\. Since 5 - 1 = -\ x , we have 

2fc = g(C) = -\xiPo) - \x(Ci2) +1 + 1. (7.5) 

Consider /12 as a holomorphic map into D± U Z?2 and apply the Riemann-Hurwitz formula to 
each irreducible component of Ci2- This gives 

-\x{Ci2)+i > 2h (7.6) 

since the geometric genus of each irreducible component is less than or equal to its arithmetic 
genus and /12 has at least 2(4 — £) ramification points. Consequently, by (7.5) and (7.6) we have 

X(0>) > 2. (7.7) 

Note that the image of Jq does not lie in the zero section E of Fi by (ii) since /12 maps into 
D\ U-D2 C Wq. Remark 6.1 and (7.4) imply that there is exactly one irreducible component C 
of Co such that the restriction /q = f\c has contact vectors (2) with V\ and Vi and all other 
irreducible components of Co are ghost components. Let Cq be the connected component of Co 
that contains C . Since / has no degree zero components, we have 

• all ghost components mapped into Vq are contained in Cq, 

• if there exists a connected component Cg 7^ Cg of Co then Cq is a union of ghost 
components such that Cg has no marked points and maps into either V\ or V%- Since 
I Co H C12I = t < 4 and Cg fl C12 contains at least one point mapped into V\ and at least 
one point mapped into V2, we have |Cg fl C \ Cg | = |Cg n C12I = 1 and hence <?(Cg) > 
by Remark 1.1. 

Now from (7.7) we have g(Cg) = 0, so each irreducible component of Cg has genus zero and no 
two irreducible components meet at more than one point. In particular, since C has genus zero, 
Lemma 6.3 implies that /g has a contact vector (1, 1) with Vq. In this case, since / is a limit 
map of a sequence of maps with contact order (2) with Vq, there is a ghost component mapped 
into Vq. Let Cq be a connected component of the union of all ghost components mapped into 
V . Then, C ' C Cg 1 , so g(C$) = and 

\c^r\c\C Q '\ = ICg'nCgl < 2. 

Since Cg has at most one marked point, we have a contradiction by Remark 1.1. □ 

Proof of Theorem B (a) : The proof is identical to the proof of Theorem A. We only outline 
the proof. For (ordered) sequences s % with deg(sj) = 2 where i = 1,2, consider the evaluation 
map that records the intersection points with V\ and Vz ■ 

*>MU ■ U ( P fcl n U , 2S ) x ( Fx n U , 2S ) x M^* s2 ( P h2 n U , 2S ) 

-> (v^ x v^ sl) ) x (y^ s2) x v 2 ^ 2) ) 
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where the union is over all xi + Xo + X2 — 2£(s 1 ) — 2£(s 2 ) = 2 — Ah. Let A s i be the diagonal of 
V e ( gi ) x V 1 ^ for i = 1,2. Lemma 7.3 and Theorem 10.1 of [IP2] then give 



[M^(U X ,2S)] = £ ^[(e^^J^A, x A s2 )] (7.8) 
where x = 2 — 4/i. On the other hand, the splitting of the diagonal A s i x A s 2 yields 



,l|l™2| 



Yl m ii m 2i Qrpi°c,h u pi . [ >tj^°; ( 2) !rri2 (Fi n C/ , 25; C^i) , C F , C p ^ (m2) ) ] • GT^ 2 C 



(~lrrloC,h\,P\ f-irploc, /l2,P2 , /^rploC,h^,p\ ^rploC,h2,P2 

-CtJ (i2) >Lrl (2) + CtJ (2) • { - ri (l2) 

+ Jot*?* 1 * 1 • [A^ ( £^^ (7.9) 



where the first equality follows from (3.4), Lemma 7.1 (c), Remark 3.1 and (7.3) and the sec- 
ond equality follows from Lemma 6.6. Thus, by Lemma 7.1 (c), (7.8), (7.9), Remark 5.3 and 
Lemma 2.6, we have 

Qrpl0C,h,p _ ^_]^Pl2 h l Qrpl0C,h 2 ,P2 _|_ ^_^P' 2 2 h ' 2 Qrj4oC,H\ ,P\ 

When (/i2,P2) = (0)+)) this equation shows 
This completes the proof. □ 



8 Spin Curve Degeneration and Sum Formula II 

This section proves Theorem B (b). Let h > 2 or (h,p) = (1, +) and let T> — > A denote a family 
of curves over the unit disk A in C whose fiber over A ^ is a smooth curve D\ of genus h 
and whose central fiber Dq is a union of two smooth components D and E of genera h — 1 and 
0, meeting at two points. Fix a theta characteristic N on D with parity p. One can then find 
a line bundle M — > T) that restricts to a theta characteristic on D\ with parity p, to the theta 
characteristic N on D and to 0(1) on E (cf. pg 570 [C]). The projectivization W(J\f ®Od) gives 
a degeneration 

P(A/" © O v ) -> 2? -> A 

such that (i) the general fiber Z\ (A ^ 0) is a ruled surface isomorphic to P^ = P(iV ® Od) 
where (D, N) is a smooth spin curve of genus h with parity p and (ii) the central fiber is the 
singular (ruled) surface 

Ph-l U Fi — > Do 
Viuy 2 
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where P^-i = P(iV © Oq) and V\ and V2 are fibers over the nodes of Dq. Note that the general 
fiber Z x (A 7^ 0) is the symplectic fiber sum 



Vi # Fi. 

ViU V2 



Proof of Theorem B (b) : The proof is also identical to those of Theorem A and Theo- 
rem B (a). We only sketch the proof. Fix a normal disk B C T> to E at some point that is not 
a nodal point of -Do an d for each small |A|, let V x be the fiber of Z x — > D x over the intersection 
point of B and D\. Choose small neighborhoods U and W of the zero section of Z = P(A/"©0x>) 
satisfying W C U and set 

W x = W n Z x and U x = U n 

The same arguments as in Lemma 7.1 and Lemma 7.3 then show that the tautological section of 
7r*Af over the total space of tt : M — > T> induces an almost complex structure J v on Z satisfying : 
for (J,v) sufficiently close to (Jy,0) and for small |A| > 

GT iocXv = [ M V^ ( Uxi 2S)] and GT l ° 1 c ^~ 1 ' p = [M^'^h-i n U )] (8.1) 



M%fc(U Xt 25) \ M%fo(W x , 2^) = 



12) 



where \ = 2 — 4/i and xo = — 4/i + 2^^(V). For ordered sequences s % with deg(s*) = 2 where 
i = 1, 2, consider the evaluation map that records the intersection points with V\ and V2 : 

< W : U A<S;5J CPfc-i n f/o,25) x ^^(Fi n [7 ,2S-) 

(V/ (sl) x x (y 2 ^ 2 ) x v^ 2) ) 

where Vq = Vq, the union is over all \i + Xo — 2£{s l ) — 2£(s 2 ) = 2 — 4/i. Let A s i be the diagonal 
of V e ^ x where i = 1,2. Then we have 



s 1 ,s 2 



S ^m\m? 1P ' [ ^0^m\'(2),m 2 (^1 n Uq, 25; C^^l) , , C pf£(m 2) ) ] (8.3) 



where the first sum is over all ordered sequences s 1 and s 2 with deg(s 1 ) = deg(s 2 ) = 2 and 
the second sum is over all partitions m l and m 2 of 2; the first equality follows from (8.1), the 
second equality from (8.2) and Theorem 10.1 of [IP2] and the third equality from (3.4), (8.1), 
Remark 3.1 and (7.3). On the other hand, by Remark 5.3 we have 

s-lrploC,h—l.p r)2 S1rplOC,h — l,p j f^rploC,h—l .p r) s~frploC,h—l,p 

( - rJ ( 1 2) i ( 1 2) — ^ <^2 ana (ji (l2),(2) — ZLrI (2) 

This together with (8.3), Lemma 2.6, Lemma 6.6 and (7.10) completes the proof. □ 
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9 Reduction to Genus Zero Spin Curve Invariants 



As described in the Introduction, Kiem and Li proved the Maulik-Pandharipande formulas (0.2) 
by reducing higher genus spin curve invariants to genus zero spin curve invariants. The aim of 
this section is to show how their reduction follows from Theorem A and Theorem B. 

Proposition 9.1 ([KL1]). 

n n 

(a) GT[ oc ^{\[r ki {F*)) = {-If GT 1 ioc,0 ' + ( JJ r ki (F*) ) 

i=X i=l 
n n 

(b) GTt Ap (U T h(n) = (-l) p 2 h GT^ + {Ur k SF*)) 

i=l i=l 

Proof. The sum formula (0.3) for d = 1, 2 and Remark 5.3 show that 

n n 

GT loc,h,P( Y[ Tki (F*)) = GTi oc ^ p .GT^ U1) (H^(F*)) (9.1) 

i=l i=l 
n ^ n 

GTt' h ' P (U^(n) = |GT^-GT5 1)>(ljl) (n^(^)) 
i=i i=i 

n 

+ GT l °^. G T^ {lA) { n^(^))- (9-2) 

i=l 

Thus, Proposition 9.1 (a) follows from Lemma 2.6 and (9.1). Similarly, by Lemma 2.6 and (9.2), 
in order to prove Proposition 9.1 (b), we need to show 

GT loc,h,P = (_i)P 2 h GT ( ' 2 o ) c ' ' + . (9.3) 
The sum formula (0.4) for the case (/i2>P2) = (L +) gives 

GT ioc,h,P = (_i)P 2 h - 1 GT ( / 2 ) c ' 1 ' + + 2GT ( / 2 ° ) c ' h - 1 ' p - {-If 2 h GT l ™>°' + (9.4) 
where h > 2. Applying the sum formula (0.4) twice with p\ = p2 = ±1 and h\ = hi = \ gives 

Gi (2) - _CtJ (2) 

This together with the sum formula (0.5) for the case (h,p) = (1,+) yields 

GT loc,i,p = (_i)P 2 Gr { ' 2 ° ) c ' ' + . (9.5) 

Using induction on genus h together with (9.4) and (9.5) then shows (9.3). This completes the 
proof. □ 

Remark 9.2. The proof of Proposition 9.1 (b) by Kiem and Li (see Section 4 of [KL1]) goes 
as follows : they first obtained a sum formula similar to (9.2) using their sum formula and then 
showed (9.3) by calculating the local invariants GT 2 oc ' /l,p (r(i ? *)) for all h > using explicit 
algebro-geometric arguments. 
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10 Appendix 



Let GWd,g{ ■ ) and GWnd) nrf) g ( ■ ) respectively denote the absolute GW invariants of Fo for the 
class dS with genus g and the relative GW invariants of Po relative to distinct fibers V\ and V2 of 
Fh with contact constraint Cry.id with Vi (we will omit the fibers Vi and the contact constraints 
Cry.id in notation). Since local invariants of spin curve of genus h = are GW invariants of Po, 
the lemma below shows the formula (5.7) for the case when h = and n > 3. 

Lemma 10.1. For n > 3, we have 

n n 



The proof consists of two steps. 

Step 1 : We will relate the descendent classes for GW invariants of Po to the (pi classes. 
Following [KM], we set 

t h $(F*) = ^st*$Uev*{F*). 
Lemma 10.2. Let n > 3. Then, for Sj > 1, we have 

n n 

,ti+6i 



GW d , g (Hr s ^(F*)) = GW d , g {J[T Si - S J; +6il {F*)) 

i=l i=l 



(10.2) 



fc! 

0<k<d i^j 



Proof. It follows from Theorem 1.1 of [KM] that for Sj > 1 

n n 

GW d , g ( Ur Si ^(F*)) = GW d , g ( Ur s ^ Sij 4 +Sij (F*)) 

i=l i=l (10.3) 

+ E GW- M (r s .- 1 (F*)F )GW d _ jt)fl (^(F a )n^>* i (F*)) 

a, 0<k<d i^j 

where {-ff a } and {#"} are Poincare dual basis of H*(F ). Fix a basis {1,5* + F*,F*,7*} and 
its dual basis {7*,^*, 5*, 1} of H*(Fq) where 7* be the Poincare dual of the point class of Po- 
Note that all degree zero (d = 0) invariants in the righthand side of (10.3) vanish since n > 3; 
no degree zero maps can pass through two distinct fibers. Moreover, for any d > and g 

GW d , g (j* ■■■) = 0, GW d , g ((S* + F*) ■■■) = 0, GW d , 9 (5* •••) = -GW d , 9 (F* •••) 

where the first follows from 5 2 = —1, the second from 5(5 + F) = and the third from the 
second. Consequently, (10.3) becomes 

n n 

GW d , g (HT Si <ft(F*)) = GW d , 9 (Y\T Si _sJ; + ^(F*)) 

i=l i=i (10.4) 

- GW k , {r Sj . l (FnF*)GW d . k , g {^(F*)ll T ^Hn)- 

0<k<d i^j 
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If k ^ Sj then GW k fi(T Sj -i(F*)F*) = by dimension count. So, it remains to show 

GW k ,o{T k -i{F*)F*) = {-if^/kl (10.5) 

When k = Sj, the generalized Divisor Axiom (cf. Lemma 1.4 of [KM]) and (10.4) (applied to 
GW kt0 (T k -i(F*)F*F*)) together with the facts 0i = on A4 , 3 and GW lfl {F*F*) = 1 give 

GW k fi{ T k-i(F*)F* ) = iGW M (r fc _i(F*)F*F*) = -1 GW fc _i, ( r k ^ 2 (F*)F* ) 
By induction, this shows (10.5) that completes the proof. □ 

Step 2 : We first show a formula for relative invariants that is analogous to (10.2) and then 
give a proof of Lemma 10.1. Recall that for the forgetful map n£ : M.g )n +i — > Mg : n that forgets 
the last I marked points and for 1 < i < n we have 



7T 



E<W ( 10 - 6 ) 



where the sum is over all I C {n + 1, . . . , n + £} with 1^0. For simplicity, we will write -K£ 
simply as it when £ is even. 



Lemma 10.3. Let n > 3. Then, for Sj > 1 we have 

n n 

1=1 2 2=1 

E 6 *s j {-l) k - 1 k\( d A GW' (1 « i - h))(1 « i - h))fl (7r*^(F')JJ^ 7r *^(F*)) 

Proof. Without loss of generality, we may assume j = 1. For the forgetful map ir = let 
<5{i}u/ De a class as in (10.6) and denote by -M(S^iji) the boundary stratum of M. g ^ n +2d whose 
fundamental class is Poincare dual to <5{i}u/- Then for m = \I\ there is a gluing map 

111 '■ Mo,m+2 X M g , n+ 2d-m ~^ Mg )n+ 2d 

whose image is A^(5{i}u/). This gluing map is obtained by identifying the second marked point 
of the first component with the first marked point of the second component. We have 

rfMl) = 01 ® 1 and rj* o tt*(<£i) = 1 <8 7r^_ m (0i) ( 10 - 7 ) 

where the first equality follows from Lemma 1.2 (b) and the second from the fact that under the 
composition map ir o j]i the first component collapses to a point. 

Choose two distinct fibers V\ and V% of Po and, for simplicity, we set 

mv = M i^m4 ¥ ^ ds) and $ = n^ % *^ 

i>l 

where V = V\ U V2. Let G be a geometric representative of the Poincare dual of the pull- 
back class r]*&. One can then choose a (smooth) family of geometric representatives Gt of the 
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Poincare dual of the class <5{i}u/ U $ with Go = rj I {G). Let B be a product of n distinct generic 
fibers Bi of Po each of which is disjoint with V . 

Suppose MY n B n Gt 7^ for all small i. Then, by the Gromov Compactness Theorem, 
after passing to subsequences, as t — > every sequence ft 6 .M^ n B n G( converges to 

(/,C) e GM V n 5 n ^(G) 

where CA4 V is the closure of A4 in -M g)n +2d(Po> dS 1 ). The closure G.M 17 has a stratification in 
which each stratum consisting of maps with domains with more than one node has dimension 
at least 4 less than 2deg($) + 2 + 2n (cf. Lemma 7.6 of [IP2]). Thus the domain C G M(6i) 
of / has one node by dimension count. The limit map / splits as / = (/i,/2) such that each 
fi is ^/-regular unless it represents the trivial homology class. In our case, both fx and fi are 
^-regular maps since the image of fx passes through V and B±, and the image of /2 passes 
through (n — 1) > 2 distinct fibers Bi where 2 < i < n — 1. For some < k < d, we have 

• f\ (resp. $2) has contact vector (l fc ) (resp. (l d ~ k )) with both V\ and V2, and hence 

• / € et>7 1 (A) flBfl 77(G) (under the natural inclusion evy 1 (A) ^ M v ) 
where A is the diagonal of Po x Po and ev T is the evaluation map 

e Vl = ev 2 x evx : M™ kUlk) (F , kS) x M™ d _ kuld _ k) (F , (d - k)S) ^ P x P . 

On the other hand, the condition of contact order (l d ) with V is an open condition. The Gluing 
Theorem of [RT2] thus implies that for each small t one can uniquely smooth / (at a node) to 
produce a ^/-regular map in M v C\Gt- Consequently, we have 

[ev-\A)} nr,*($)®(F*) n = [M v ] D (5 {1}ul U 5>) ® (F*) n - (10-8) 

It follows from (5.6), (10.7), (10.8), the splitting of the diagonal A as in the proof of 
Lemma 10.2 (see paragraph above (10.4)) that 

n n 

i=l i=l 
£ ( I Y '^(iV)^ 1 " 1 ^)^) ■GW (ld -, ))(ld -, ))ff (7rV* 1 (F*)n0i i 7r*^(^)) 

0<fc<d i>l 

(10.9) 

where the factor ( J reflects the fact that the classes <5{i}uz i n (10.8) are obtained by choosing 

A; contact points with V\ and fe contact points with V2. Observe that by dimension if A; 7^ si 
then GVF( 1 fe) i ( 1 fe)o(^ , i 1_ (i 7 *)^*) = 0. Thus, it remains to show: 

GW { x* U x*)M-\F*)F*) = (-l) k ~ l k\ (10.10) 

The sum formula (4.15) for h = gives 

GW {lkUlk) ^ k '\F*)F*F*) = iGW^^i^HnF*) ■ GlJ fc)>(lfc) (F*) 

= A;GW (lfcMlfc)>0 (^- 1 (F*)F*) (10.11) 
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where the second equality follows from (3.8) and the Divisor Axiom. On the other hand, together 
with the facts <j> = on A4o,3 and GWn\n\ (F*F*) = 1, the formula (10.9) shows 

GWp ul u )t0 (<f-\F*)F*F*) = -fc 2 Glf (lt - 1)i(li - 1)i0 (/- 2 (r)F*). (10.12) 

By induction, (10.11) and (10.12) thus imply (10.10). This completes the proof. □ 

Proof of Lemma 10.1 : It suffice to show that for n > 3 

n i n 

GW d , g ( Ur Si $(F*)) = w GW n(1<)|J ( U^*rt(F*)). (10.13) 
i=i ^ '' i=i 

When ^2 Si = 0, (10.13) follows from Lemma 5.2. Suppose that (10.13) holds for any d, g and 
n > 3 whenever Y2 s i < ^- Then, Lemma 10.2 and Lemma 10.3 show that (10.13) also holds 
when s i = Therefore, (10.13) follows from induction on the sum s i- ^ 
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